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Abstract 

We develop the noncommutative geometry (bundles, connections etc.) associ¬ 
ated to algebras that factorise into two subalgebras. An example is the factorisa¬ 
tion of matrices M2(C) = CZ2 •CZ2. We also further extend the coalgebra version 
of theory introduced previously, to include frame resolutions and corresponding 
covariant derivatives and torsions. As an example, we construct g-monopoles on 
all the Podles quantum spheres 


1 . Introduction 

In [§ it was shown that one can generalise the notion of principal bundles in noncommu¬ 
tative geometry)^ to a very general setting in which the role of ‘coordinate functions’ on 
the base is played by a general (possibly noncommutative) algebra and the role of the 
‘structure group’ (hbre) of the principal bundle is a coalgebra. In particular, it need not 
be a quantum group, which would be too restrictive for many interesting examples. In 
P the theory of modules or ‘associated bundles’ is extended to this case along the lines 
of the quantum group case in 0 . We apply this now to extend the recently introduced 
notion of a frame resolution |^, thereby bringing the coalgebra version of the gauge 
theory in line with the more restrictive quantum group gauge theory case. 
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The paper begins, however, in Section 2 with a nsefnl reformnlation of coalgebra 
bnndles entirely in terms of algebras. This is a theory where the role of ‘gange gronp’ 
or hbre in the principal bnndle is played by any algebra A snbject to a certain non¬ 
degeneracy ‘Galois’ condition for its action on the algebra P of the total space of the 
bnndle. The algebra A plays the role of a classical (or qnantnm) enveloping algebra of 
a Lie algebra in nsnal (or quantum group) gauge theory, but now without any kind of 
Hopf algebra structure. Without the latter one cannot make general tensor products 
of representations so that it is indeed remarkable that the formulation of geometric no¬ 
tions is possible. This is what we outline, namely a gauge theory that has connections, 
principal bundles, associated bundles etc. using only algebras and in particular not 
requiring anything from the theory of quantum groups. 

As such, the material in Section 2 should be rather more widely accessible than the 
coalgebra bundle version of the theory. In particular, it can be viewed as a critical 
hrst step towards a C* algebra or von Neumann algebra treatment. While beyond our 
scope to actually consider operator theory and topological completions here (we work 
algebraically), it offers the possibility to link up with and extend other approaches to 
noncommutative geometry based on C'*-algebras etc. We recall that in the C* algebra 
approach to noncommutative geometry, see 0. one traditionally works directly with 
vector bundles (as projective modules) and not principal bundles - one would expect 
that the latter would require some kind of group-like object such as a Hopf algebra 
but we see that this need not be the case. Also, although we do not develop a precise 
connection with the theory of subfactors at the present time, we note that our hnal data 
in terms of algebras is not unlike a subfactor inclusion. In that context one considers 
inclusions of von Neumann algebras with the larger one being viewed as some kind of 
‘cross product’ of the smaller one by some kind of ‘paragroup’||27||. Similarly we show 
that if A is an algebra acting on another algebra P subject to a certain nondegeneracy 
condition then one can form a generalised ‘cross product’ (which we call the ‘Galois 
product’) of P by A. In the subfactor case it is known that a special case corresponds 
to some kind of (weak) Hopf algebra|]l[, while similarly a special case of an algebra 
bundle corresponds to A a Hopf algebra. The development of such an analogy on the 
one hand could provide a gauge theory of subfactors (as well as a coalgebraic version 
of some aspects of their theory) and on the other hand suggest the existence of a whole 
‘Jones tower’ of bundles. It would also connect with gauge theory from the point of 
view of algebraic quantum held theory as in [H [ITS and many other works. 
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Linking up with C* or operator algebra results is the long-term motivation for the 
section. From a mathematical point of view, however, it should be stressed that our 
present results are strictly equivalent to a subset of the coalgebra bundle case. Part of 
the reformulation was already hinted at in where part of the data was expressed as 
an algebra factorising into subalgebras A, P. The crucial exactness or ‘Galois’ condition 
in this form is what we provide now. It turns out to involve traces over the vector space 
of A, which essentially forces us to hnite-dimensional A. From this it is clear that 
the theory can be developed in two ways to cover the inhnite-dimensional case: either 
one needs to introduce operator completions which is the C* algebra or von Neumann 
algebra direction mentioned above, or one needs to replace A by its dual, a coalgebra, 
which then works for inhnite-dimensional coalgebras - this is the approach taken in 
and in the remaining sections of the present paper. 

In Section 3 and Section 4 we continue with new results in the coalgebraic setting. 
We provide the necessary formulation of associated bundles by exploiting the recent 
work [p. A small generalisation of coalgebra bundles has been made in |p and we will 
use in fact this formulation. Also, the notion of a connection which we use here requires 
less structure than the one introduced in [Q. In Section 5 we study frame resolutions 
at this level. 

Finally, in Section 6, we show that the coalgebra theory allows one to include the 
crucial example of the monopole on the full 2-parameter family of Podles quantum 
spheresP^. Recall that Podles classihed all reasonable ‘quantum spheres’ covariant un¬ 
der the quantum group SUq{2), and until now the q-monopole has been constructed 0 
only for a diagonal subfamily (the so-called standard quantum spheres). The general 
case requires the more general coalgebra bundle theory. The bundle itself for all the 
quantum 2-spheres is in 0 and we provide on this now the required connection. Simi¬ 
larly it is clear from their construction that all of the q-deformed symmetric spaces in 


the classihcation of should be constructable as coalgebra bundles, which includes 
the coalgebra bundle from which one would expect to project out a q-instanton. This 
is a second direction for further work. 

We work algebraically over a general held k. We use the usual notations Ac = 
C(i)( 8)C(2) for a coproduct of a coalgebra C (summation understood). We also write 
= kere where e is the counit. We write \/A(u) = U(i)®U(oo) for a left coaction 
on a vector space V, and Ay(u) = U(o) ®U(i) for a right coaction. We also denote 
by Hom^(V,fF) the linear maps commuting with a right action of an algebra A and 
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by AHom(V, W) those commuting with a left action. Similarly, Horn*" (V, W) for maps 
commuting with a right coaction of a coalgebra C and ‘"Hom(V, W) for a left coaction. 
In general when we need to refer to the components of other elements \t'(a (8)u) etc. 

of tensor product spaces we will use the upper bracket notation x* = ® ^fc. 

again with summation understood. 

Also, we recall that for any algebra P, the universal 1-forms on P are Q}P = 
ker-pC P(g)P. The exterior derivative d : P — VL^P isdu = 1(8 )m — u®! for all 
u E P. This extends to higher forms (see [T^ e.g.) fI"'P C characterised by the 

requirement that the products of all adjacent factors vanish, and d : VP~^P —> f2"P, 


n+l 


d(Mi ® • • - ^Un) = ^( — 1)^ ® • • • ® Mfe-l 


( 1 ) 


k=l 


With these dehnitions f2P = 0^o is a graded differential algebra with product 
given by juxtaposition and multiplication in P. 


2. Galois actions and algebra factorisations 
Although we will continue mainly in an algebra-coalgebra setting in later sections, we 
start with a more accessible version which depends only on algebras and which should 
be useful for the operator-algebraic version. We consider unital algebras and unital 
algebra maps. An algebra factorisation means an algebra X and subalgebras P, A such 
that the linear map P ® A ^ X given by the product in X is an isomorphism. 


Proposition 2.1 C/. ^ 


with algebras P, A and T : A ® P 


algebra factorisations are in 1-1 correspondence 
P ® A such that 


T(-^®id) = (id® •A)d'i 2 ^ 23 , ^^(1 ® u) = u ® 1, 'iu E P 

T(id® -p) = (•p®id)\k 23 'ki 2 , 'k(a®l) = l®a, 'ia E A. 

In this case, given e : A —>■ k a character, there is a left action 


>:A®P—i>P, a>M = (id®e)\k(a®u), \/a E A, u E P. 

The subspace M = P^ = {m E P\ a>m = e{a)m Va G A} forms a subalgebra. 

Proof. Details of the stated equivalence are in pp. 299-300]. Given T we dehne 
X = P ® A with product {u ®a){y®h) = u\k(a ® v)h for u,v E P and a,b E A. Given 
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X we define \1/ by aw = ® w). The action > is also part of the proof in (where 

e = s the counit of a bialgebra). There is a similar right action of P on A when P is 
equipped with a character, which we do not use. From the point of view of X, e on 
A extends to a left P-module map e : X —> P obeying e(au) = a>u for all a G A and 
u E P. Hence M = {u E P\ e{au) = ue{a) Va E A}, from which it is clear that M is a 
subalgebra. One may also see this from the equations for T. □ 

Such factorisations are quite common. For example, they come up naturally as part 
of Hopf algebra factorisations [^[^. Another example is the braided tensor product 
A^B of two algebras, see |2^. In our geometrical picture, P plays the role of the 
algebra of functions of the ‘total space’ of a principal bundle, and A plays the role 
of the group algebra of the structure group. The subalgebra M plays the role of the 
functions on the base. The algebra X is not usually considered but plays the role of 
the cross product C^-algebra of the functions on the total space by the action of the 
structure group. 

Proposition 2.2 In the setting above, the map x '■ P ® P ^ P defined by x{a ® n ® n) 
{a>u)v descends to x '■ A® P ®m P P- We say that the factorisation is Galois if 
there exists x^ ■ P ^ P ®m P ® A such that 

Wa{x* °X) = idp®MP> (x®idA)(idA®X^) = r : A®P ^ P®A 

where r is the usual flip or transposition map. We call P{M, A, T, e) a copointed 
algebra bundle. 

Proof. We have a>{um) = e{aum) = eipiiolm) = Uie{a^m) = Uime{a^) = {a>u)m for 
all a G A, M G P and m E M, as required. Here T (a ® n) = Ui®a^ is a notation (sum 
over i). The rest is a dehnition. This can also be obtained from the T equations. □ 

This is the analogue of the Galois condition in §], which in turn is motivated from 
the theory of quantum principal bundles and, independently, the theory of Hopf-Galois 
extensions in the Hopf algebra case. In geometrical terms the map x plays the role of 
the action of the Lie algebra g of the structure group of a principal bundle on its algebra 
of functions: if G g one has a left-invariant vector held f given by differentiating the 
action corresponding to >. The element x^ = ^ P ®m P ® A is particularly 

important and plays the role of the ‘translation map’ of the principal bundle. 
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Notice, however, that a factorisation can be Galois only if A is hnite-dimensionah 
This should not unduly worry us since our formulation is mainly intended as a precur¬ 
sor to an operator-theoretic treatment where inhnite-dimensional A would be allowed 
subject to topological completions and trace class conditions. To avoid all that in the 
inhnite-dimensional case one should of course use the coalgebra formulation as in later 
sections. Meanwhile, let us note that even hnite-dimensional A are not uninteresting - 
the algebra P and the factorising algebra can in principle both be inhnite-dimensional. 
A similar situation pertains with the theory of subfactors where the two von Neumann 
algebras are typically inhnite-dimensional but the case where their ‘ratio’ is in some 
sense hnite is still very interesting. 

There is an obvious notion of a T-module associated to an algebra factorisation, 
namely a left P module and A module V such that 

a>(u>v) = >o (^(a0u)>v), Va e A, u e P, v e V. (2) 

Explicitly we require a>(u>v) = Ui>(a^>v),where T(a®M) = Ui®a^. This is what corre¬ 
sponds to a left X-module. This point of view suggests a natural slight generalisation 
of the above, replacing e by the requirement of a map e : A ^ P. 

Proposition 2.3 Let {P, A, T) be an algebra factorisation datum as in Proposition 2.1. 
Linear maps e : A ^ P such that 

e(a6) = ^(a® e(6))*'^^e(\['(a®e(6))^^^), e(l) = 1, Va,b e A, 

are in 1-1 correspondence with extensions of the left regular action of P on itself to a 
-module structure on P. Given e, we define 

a>M = Wa & A, ueP 

and conversely, given such an extension, we set e(a) = a>l. In this situation the space 

M = Me = {m G P\ a\>m = e{a)m, Va G A}, 

is a subalgebra of P and x as in Proposition 2.2 descends to a map y. 

Proof. We dehne the linear map > : A ® P —^ P as stated and verify hrst equation 
as 
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where we used the second of factorisation properties in Proposition 2.1. We also used 
the shorthand 'h(a®-u) = u* ® a* as before. Next, we check that > is indeed an action, 

{ab)\>v= \k(a6® = \l/(a ® ® 

= ^{a<S)UiY^\^{a<S)U,i)^‘^^>e{b^)) = a>{uie{¥)) = a>{b>u) 

as required. We used the hrst of the factorisation properties of \1/ and the assumed 
condition on e, which can be written as e{ab) = a>e(6) in terms of >. We then used 
already proven. Finally, 1 >m = Me(l) = 1 so > is indeed an action. Conversely, given an 
action > making P a d'-module we dehne e(a) = a>l. Then e(ab) = a>(b>l) = a>e(b) 
and a>u = a>(u>l) = Ui(a^>l) = Uie(a^) (using (^)), as required. The remaining facts 
follow easily from the dehnition of M. It can also be characterised equivalently as 

M = {m e P\ a\>{um) = (a>n)m, E P, a E A} (3) 

in view of (^) and the dehnition of >. □ 

We note that 

Lemma 2.4 In the setting of Proposition 2.3, for any '^-module V there is a natural 
notion of ‘invariant’ subspace 

Vq = [v eV\ a\>v = e(a)>n, 'ia E A} (EV (4) 

which is a left M-module by restriction of the action of P. 

Proof. For all a G y4,m G M and v E Vq, we have a>(m>v) = > o (^(a0m)>v) = 
mi>(e(a*)>) = (mje(a*))>n = (a>m)>v = (e(a)m)>v = e(a)>(m>v), so m>v E Vq as well. 
□ 

The subalgebra M itself is a case of such an invariant subspace. When there is 
a corresponding x*i we call P(M, A, T, e) an algebra bundle. The copointed case is 
e(a) = e(a)l. The construction has a natural converse. 

Lemma 2.5 In an algebra bundle, x^ = obeys 

(a) X* 0 , = a>x* for all a E A, where the action on P®mP ® A is on its first 
factor. 

(b) X*{'ov) = V ® for all u,v E P 

(c) = u ®M 1- 

Here E P ®m P and E A for all u E P. 


7 


Proof. From its definition, it is evident that 


xiab 0 M 0 n) = {ab>u)v = x(a ® b>u ® v), x(® ® ^vw) = x(a ® n 0 v)w 

for all u,v,w E P and a,h E A. Parts (a) and (b) are just the corresponding properties 
for x^- Thus, 

a>x*= (Tr^x^ ° X® id)(a>X^) = (id®/“)x^(x(ea ® ® X^^^^ 

= (id ® f'')x* ° xi^att ® ® = (id ® /“)x’^(l) ® = x*o. 

where {ca} is a basis of A and {/“} a dual basis. Similarly, 

X*{uY^^v ® X^('w)*'^^= {AtaX* ° ® X*{'^)^‘^'^ 

= {id®P)x*{x{(^''®X*{u)^^^)v)®X*{u)^‘^^ = X*{uv). 

We then deduce part (c) from part (b) as 

= (id®/“)x^(l.(ea>M)) = (id®/“)x^ o x(ea®^^) =m®1. 


□ 

These correspond to important properties of the translation map in differential 
geometry derived in the Hopf algebraic setting in |Q 

Theorem 2.6 Let P,A be algebras and P a left A-module under an action >. ITe 
define M by ^ and say that the action is Galois if x defined as in Proposition 2.2 has 
a corresponding x’^- In this case there exists a unigue algebra factorisation X = P^^A 
such that P, A form an algebra bundle and P is a '^-module (cf. eg. via product in 
P and the action >. Explicitly, 

T(a0M) = x(a®MX^^^^) ® e(a) = a>l, \/a E A, u E P. 

We call the corresponding algebra factorisation X = P^^A the Galois product associ¬ 
ated to a Galois action of an algebra A on an algebra P. 

Proof. Here we dehne M and x directly from the action >; it is easy to see that M is a 
subalgebra and that x descends to a map x- We assume the existence of a corresponding 
X"^ obeying the conditions in Proposition 2.2. For the purposes of this proof, we now 







write (a more explicit notation than the one before) and 

we let be a second copy of Then the map T explicitly reads 

'h(a ® m) = (a>(Mx'^b)))^#(2) 0 ;)^#(3) 

and we have, 

(id® •A)'hl2'h23(a® = (id® •A)d'l2(a®(&>(MX’^^b));)^#(2)^ (g,^#(3) 

= (a> ((&>(MX^b)));^#(2)^'#(l)^^ (g);^'#(3)^#(3) 

= (a> ((6>(MX^b)))^#(2)(^#(3)^^/#(l))^^ ^/#(2) ^^/#(3) 

= (a>(6>(Mx'#b))))^'#(2)^'#(3) _ 

using parts (a) and then (c) of the lemma and that > is an action. On the other side, 
we have 

(•p®id)T23Ti2(a®M®n) = (-p ® id)\h23((a>(Mx^b)))^#(2) ^^#(3) 

= (a>(MX^b)))^#(2)('^#(3)[^('.y^/#(l)^^^/#(2) g, ^/#(3) 

= (a>(Mnx''^b)))^'#(2) (gi;^'#(3) = T(a®Mn) 

using part (c) of the lemma. The computations for T(a®l) and ^(l®^) are more 
trivial and left to the reader. We need 

x#(i)x#( 2 ) ® = x(i ® ® ® X^^^^ = 1 ® 1 

for the latter case. 

Hence we have a factorisation datum and by Proposition 2.1 we have an algebra X 
built on P ® H with the cross relations (1 ® a)(M ® 1) = ^(a ® m). We now dehne e(a) = 
a>l and check easily that e{ab) = a>e{b) as required, and that \['(a®M)b)e(\['(a®M)^^^) = 
(a>(M>x'^b)))^#(2)('^#(3)[>]^^ _ ]^y Qf |-pg lemma. Hence is the converse to 

the preceding proposition. 

To prove that P is a T-module, we take any a E A, u,v E P and use the explicit 
form of T above and part (c) of the lemma to compute 

■ o ('l/(a®M)>n) = (a>(Mx'^b)))y#(2)('y#(3)[^.y^ ^ a>{uv). 

Finally, suppose there is another factorisation T' such that P is a 'F'-module, and let 
'F'(a ®u) = Ui®a'' for all a G H, m e P. Then 

'l/(a®M) = (a>(Mx'^^^^))x'^^^^ ®X^^^^ = Mi(a*>x’^b)^y#(2) (gi^#(3) = Ui®a'' = ^'(a®^), 

where we used the dehnition of x^- This proves the uniqueness of T. □ 
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Example 2.7 Let q be a primitive n’th root of 1. The n x n matrices factorise as 
Mn{C) = CZ„ ■ where the two copies o/Z„ are generated by 


g = 

(1 0 

0 q 

0 0 

0 0 

, h = 

/o 

0 

1 0 

0 1 

0 0 

0 0 


U ■■■ 

0 q^-^ / 


Vi 

0 o--- 

0 / 

obeying hg = qgh, so 






'^{h®g) = 

qg®h, 

T(10^) = ^01, T(h0l) 

= 1 ® h. 

T(101) = 


The nontrivial character e{h) = q gives 

hi>g^ = q^+^g^ 

and hence M = Cl. The result is Galois, with 

X{h^ ® ® g^) = q^(>^+Tgk+f x*{.9'^) = ® (g, 

a,b 

Proof. We identify A = CZn = C[h]/h^ = 1 and P = CZ„ = C[g]/g^ = 1 as the 
two subalgebras. The relations hg = {l®h){g®l) = ^{h®g) = q{g ®l){l®h) give 
the form of T. This extends uniquely to a solution of the factorisation equations in 
Proposition 2.1 as ® g’^) = q^^g^ 0 h™. Actually, this is an example of a braided 
tensor product Mn{C) = CZ„ 0 CZ„ in the braided category of anyonic or Z„-graded 
spaces. The character e then gives the action shown as h>g^ = q^g'^eQi). Hence 
e M iff ~ <?) = 0 for all m, which means M = Cl. We also 

obtain x as shown and one may verify that x* as stated fulhlls the requirements in 
Proposition 2.2. □ 

In this example A is actually a Hopf algebra and e{h) = ql as here yields a bundle 
with is equivalent (in the coalgebra bundle version) to a Hopf algebra bundle as in [0 . 
On the other hand, other choices of e yield algebra bundles which are not equivalent to 
Hopf algebra bundles, i.e. strict examples of our more general theory. We examine the 
n = 2 case in detail: 

Example 2.8 The factorisation M2(C) = CZ2 ■ CZ2 as above (with q = —1) admits a 
family of algebra bundle structures parametrized by 6 & [0,27r), with 

e{h) = cos{9) +zgsm{9). 
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The associated Galois action is 


h'>g^ = (—1)^5'^(cos( 6') + *5fsin(6*)). 

Proof. We have A = C[h]/h‘^ = 1 and P = C[g]/g'^ = 1. We require e of the form 

e(l) = 1, e{h) = a + ijdg 

(say) obeying the condition in Proposition 2.3. The non-empty case is 1 = e(l) = 
e{h.h) = T(/i®e(h))^^^e[\l/(/i®e(/i))‘^^^] = ae(h) — if3ge{h) = {a — i(3g){a + t(3g) = 
-|- /3^. This admits many solutions over C, a natural family being those where a,j3 
are real, i.e. on a circle parametrized by 9. On the other hand, in the case equivalent 
to a Hopf algebra bundle, P would be an A-module algebra. This happens when 
{h\>gY = cos^(6*) — sin^(0) -|- 2?sin(6*) cos{9)g = 1, which is exactly when 9 = 0,n. The 
hrst case is trivial and the second is the n = 2 case of the preceding Example 2.6. 

Next, we consider m = a + bg such that h>m = e{h)m. It is easy to see that this 
happens iff 6 = 0 , provided sin( 6 *) 7 ^ 0 or cos( 6 *) 7 ^ 0 (one of which is always the case). 
Hence M = Cl. Finally, we have ® g^ ® g^) = fi'^’''^((—l)^(cos( 6 *) -t-*sin( 6 ') 5 f))”^ 
which we can write as a map P ® P A* ® P. Identifying A* = CZ 2 with generator 
c, say, the map is 

g'^^g^ C+ + c_(-l)^ cos( 6 ') ® c_z(-l)^ sin( 6 ') ® g>^+^+^ 

where c± = (1 ± c)/2. (This is the map y in the corresponding coalgebra bundle 
version). Invertibility of this map is equivalent to the existence of fhe present 

setting; in fact the map has determinant 1 in the obvious basis {g^ ^ g''} and {c^ ^ g’'} 
and is therefore invertible. □ 

The corresponding factorisation over R is the quaternion algebra and provides a 
counterexample to the existence of e: 

Example 2.9 Over R, the quaternion algebra El = span{l, i, j,/c} obeying P = = 

= —1 and ij = k etc., is a factorisation El = R[i]R[j] where R[i] = as a 2- 
dimensional algebra over R. One has 

'^{j®i) =-i®i, T(l(g)i) = 1 , T(j®l) = l®j, T( 1 ® 1 ) = 1 ® 1 . 

This factorisation admits no map e. 
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Proof. The factorisation is evident, with P = M[i] and A = M[j] (the quotient of 
polynomials by the relation = —1 and = —1 respectively). Now suppose a linear 
map e : M[j] —> M[i] of the form 

e(l) = 1, e{j)=a + ip. 

Then a similar computation to the one above yields this time —1 = e(—1) = e{j.j) = 
which has no solutions over R. □ 

Returning to the general theory, 

Proposition 2.10 An algebra bundle is trivial or ‘cleft’ if there is an invertible ele¬ 
ment <l> = G P ® such that 

<ha = a><h, Va G A, 

where the product from the right is in A. In this case, P=}lomk{A, M) as a left A- 
module and right M-module. 

Moreover, (P, R, T,e) in Proposition 2.3 is a trivial (cleft) algebra bundle if there 
exists an invertible <h G P ® A°'^ obeying the above condition, with 

X*{u) = Vm G P. 

M 

Proof. The isom 0 ; Homfc(yl, M) —P is 

0(/) = 0-i(M)(a) = 

Here 0 is a left H-module map since the image of / is in M and $ obeys the condition 
above. Next, the latter condition is equivalent to the condition 

T(a ® $-«)<|,-( 2 ) = e(a)<h-^ (5) 

for (just compute e(a) ® 1 = a>l ® 1 = 0 using (^). Hence 

a>(<l>-«((<|.-( 2 )>„))) = .oT(a®<h-W)$-( 2 )>M = e(a)<h-W(($-( 2 )>M),i.e. $-«((<h-( 2 )>M g 
M for all u E P. In particular, this implies that Q~^{u) : H —> M as required. 

This then provides the required inverse since 0 o 0 “^(m) = <I>(^)(0“^(m))(<I>(^)) = 
<h(^)$-(^)(($-(^)$( 2 ))>M) = tifromthe dehnitions, and ( 0 “^o 0 (/))(a) = d>“(^)(<I)“*^^)a> 0 (/)) 
<|)-(i) 0 ($-( 2 )Q[>jj = $-(i)<|)(i) J(<j)( 2 )<j)-( 2 )(j^ _ py jgf^ H-module property of 0 . 
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For the second part, given a factorisation datum and e, we define shown. 

Then 

by the property of $. On the other side, 

Ti’/iX^ o x(m ® n) = (8) ®v = u®v 

MM MM 

since G M by the same proof as above. Hence the action of A on 

P is Galois in this case. □ 

Proposition 2.11 A bundle automorphism is an invertible linear map P ^ P which 
is a right M-module map and a left A-module map. The group of bundle automorphisms 
is in correspondence with invertible f & P ^ A°^ such that 

T(a®/W)/(2) =/d)^/(2)a, VaeA 

When the bundle is trivial, such f correspond to invertible elements 7 G M ^ A°^ by 
f = $ 7 <|)“i multiplied in P ® A^'^. 

Proof. Note hrst of all that the set of such elements in P (8) A^ form a group. Thus, 

when /, g obey this condition. The relation between such / and automorphisms F is 
Fiu) = f^^\f^%u), f = 

Thus, given / it is evident that ai>F{u) = a>{f^^'>{f^‘^^>u)) = ■ o T(a 0= 
f^^\f^‘^^a>u) = F{a>u) by (|]) and the property of /, so P is a left Amodule map 
(it is clearly a right M-module map as well). Also from this, it is immediate that 
the product in P0 A°p maps over to the composition of bundle transformations. Fi¬ 
nally, the inverse of the construction is as shown using the properties of Thus, 
^(^#(i))^#(2)('^#(3)[^.y) _ p(^ii) by Lemma 2.5(c), and when F is dehned by /, the inver¬ 
sion formula yields 0y#® = f^^^xif^'^^ ® = 

/ from the dehnition of x^ ■ 

In the case of a trivial bundle, we dehne / as shown and verify 
T(a 0 /b))/(2)= ^(a 0 <|.a)^(i)$-(i))$-(2)^(2)^(2) 

= (d)(^)7(^))A(a* ® $-W)<h-(2)7(2)$(2) 

= (a>(<FW7«))<h-W 0<F-(2)7(2)$(2) = /(i) 0 /(2)a 
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using the properties of \1/, and that 7 ^^) G M. Conversely, given / we dehne 7 = 
(product in P 0 A°^ and verify using (|]) that a >7 = e{a)'y so that 7 G M ® A°^. 

□ 

Next, even though A is only an algebra, its action on P extends naturally to tensor 
powers and hence to the universal exterior differentials hl^P C 

Proposition 2.12 In the setting of Proposition 2.3, VPP is a '^'-module with P acting 
by left multiplication and 

a\>{uo ® ® Mn) = ® Mo ® ® ® Mq ® ® 

where = v]>”'+i = \l>„^„+i ■ ■ ■ \l/i 2 defines another factorisation datum (flP, 'h*, A). 

It is such that \h* o (id ( 8 ) d) = (d (g) id) o \ 1 >*. 

Proof. That {HP, T*, A) is another factorisation datum is an elementary proof by in¬ 
duction repeatedly using the factorisation properties in Proposition 2.1 and the product 
in HP (which is just inherited from the product in P); it is left to the reader. Applying 
Proposition 2.3 to this new factorisation, with e : A ^ P O HP then gives a \h*-module. 
We then restrict the action to ones of A, P. □ 

Armed with this, we can dehne a connection as an equivariant splitting of fl^P D 
P{H}M)P as in |^|§]. More precisely, we require that 11 has kernel P{H}M)P, is a 
right P-module map and 11 o d is left A-module map. Such projections turn out to be 
in 1-1 correspondence with uj G VPP ® A such that 

i) = 0 

ii) x(a ® = 1 ® a — e(a) ® 1 

hi) coa = T*(a ® 

Here the correspondence is 

n(M ® n) = <S)U^v) 

(using ill fhs reverse direction). We will provide this in more detail in the next 
section in the coalgebra setting. 

There is also a theory of associated bundles. In fact, one has and needs two kinds 
of associated bundles; given an algebra bundle and a right A-module Vr we have 

P = Vk®Uk^VR® P\ ^ Vk<a ®Uk = ^ Vk ® at’Uk, Va G A} C Vr (g) P 

k k k 
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as a natural right M-module by right multiplication in P. And given a left A-module 
Vl we have 

E = {^Uk^Vk e P^Vl\ '^'^{a®Uk)>Vk = '^e{a)uk®Vk, Va e A} C P 0 Vz, 

k k k 

as a natural left M-module. Here the E is the natural ‘invariant’ subspace from 
Lemma 2.4 for the d'-module structure oi P ®Vl provided by the following lemma. 

Lemma 2.13 IfV is a left A-module then P®V is a '^-module where P acts by mul¬ 
tiplication from the left and A acts by 

a>{u^v) = 

Proof. We check hrst that A acts as shown. Thus, {ab)>{u^v) = = 

{a ® Ui)>{P>v) = = a>{b>{u^v)) using the dehni- 

tions and the factorisation property of T. Here b>{u ®v) = {lx>{u ® ®{b>{u ® v ))(2) 

is a notation. This then forms a T-module since 

a>{uu' ®v) = 4/(a®W)>u = ^ u')>v = Ui{a^>{u' ® v)) = >o (4/(a ® ® n)) 

as required. □ 

Sections of these bundles are M-valued M-module maps from P, E respectively. 
When P is flat over M and T has a certain adjoint one can show that 

HomA(VL, P)=MHom(P, M), Hom(VR, P)o=HomM(P, M) 

as right M-modules, left M-modules respectively. In the hrst case, if v? G Homyi(Vz, P) 
then the corresponding section of E is Scp{u ® w) = u(p{v). In the second case, Hom(VR, P) 
is a left T-module in a similar manner to Lemma 2.13 (coinciding with it in the hnite- 
dimensional case, namely (a>99)(t;) = Tr^'L(a ® ))). If ^9 G Hom(VR,P)o then the 

corresponding section of E is s^piv ®u) = ip{v)u. The proof of these assertions will be 
given in Section 4 in the coalgebra setting with x~^ and in the roles of and 
When Vl and Vr are hnite-dimensional then 

E = Hom^(V^, P), E = Hom(H;, P)o, 

so that each bundle can be viewed as the space of sections of the other. Moreover, the 
constructions generalise directly to form-valued sections by using T* in place of T. One 
may then proceed to frame bundles etc. Thus, one has a covariant derivative 

V:E^E®Q}M, V:E^Q}M®E 

M M 
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associated to a suitable (strong) connection in the pointed case. By definition a frame 
resolution is an associated bundle equipped with a canonical form such that E=fl^M, 
and in this case V plays the role of Levi-Civita connection etc, along the lines in . 
This and the rest of the theory will be provided in Section 4, in our preferred coalgebra 
bundle setting. 

Finally, we give the situation in the case of trivial (cleft) algebra bundles. In this 
case sections correspond to ‘matter fields’ on the base M, 

Hom^(V^., P)^Homfc(I4, M), Hom(VR, P)o = Homfc(I4, M). 

The first isomorphism sends / G Homfc(VL,M) to the map (^j(n) = 

The second isomorphism sends / G Homfc(VR,M) to ^Pf{v) = /(n<<I)“’^^))$“d). Simi¬ 
larly, (strong) connections ut are determined by ‘gauge fields’ a G fl^M ® A such that 
aA>e{a^‘^'>) = 0 , according to 


Proofs will again be given in the following sections, in the coalgebra setting. The covari¬ 
ant derivative on these matter fields and their gauge transformation by 7 G M ® A°^ 


then take on the familiar form for algebraic gauge theory on trivial bundles (see ^2 
Sec. 3]). 


3. Coalgebra bundles and connections 
We switch now to the coalgebra version of the theory, where A is replaced by a coal¬ 
gebra C. This is the original theory of coalgebra bundles|^, which we extend further. 
The coalgebra version involves less familiar notations but has advantages in a purely 
algebraic treatment. 

Definition 3.1 A coalgebra C and algebra P are entwined by if) ■. C®P^P®C 
if 

i/i o (id® •) = (• ® id) oo V'o (n® 1 ) = 1 ®n, 'iu & P, ( 6 ) 

(id ® A) o = ip-^^2 ° i/’23 o (A ® id), (id ® e:) o = e ® id. (7) 

The triple {P^C^tlj) is called an entwining structure. 

We will often use the notation 'ip{c^u) = Ua®c°‘ (summation over a is understood). 
In this notation conditions (^ and (|^) take a very simple explicit form 

(nn)Q,®c“ = lo,®c" = l®c. 


16 




UaS{c°‘) = e{c)u, 


Ua (8) c“(i) ® c"( 2 ) = M/3a ® C(i)“ ® C( 2 )^, 

for any u,v E P and c E C. 

The entwining strnctnre corresponds to an algebra factorisation in the case C hnite- 
dimensional, bnilt on A = C*°^ and P, as explained in [Q. Similarly, if e G C* is 
gronplike, there is a right coaction Ap ■. P ^ P®C dehned by Ap{u) = 'ilj{e®u) and 
M = Mf. = {u E P\ Ap{u) = m( 8)1} is a snbalgebra. The map x:P®P^P®C 
defined by x{u®v) = uAp{v) descends to y : P®mP P®C and we have a 
copointed coalgebra bundle P{M, C, ^|J, e) when y is invertible and P. This is the setting 
stndied in [^. 

We also note that for any entwining strnctnre we have a natural category Mp('^) 
of entwined modules. The objects are right P-modules and right C-comodules V such 
that for all n G Id, M G P 


Ap{v<iu) = n(o)<^/’(n(i) 0 u) := n(o)<Ma ® f (i)", (8) 

The morphisms are right P-module and right C-comodule maps. The category Mp('^) 
generalises the category of unifying or Doi-Koppinen modules 


19| which unifies 

various categories studied intensively in the Hopf algebra theory (e.g. Drinfeld-Radford- 
Yetter (or crossed) modules, Hopf modules, relative Hopf modules. Long modules etc.). 

The algebra P is an object in Mp('0), with the right regular action of P (by multi¬ 
plication) if and only if there exists an element e E P ®C such that 




( 2 ) 


® = (id® A)e, (id®£)e = l 


(where e' is another copy of e and we use the notation e = etc.). In this case 

the coaction is 

Ap(m) = ® m), 'iu E P. 

Notice that e = Ap(l). We then dehne 


M = {m G P I Ap{mv) = mApv Vn G P} = {m G P | Ap{m) = me} 


which is a subalgebra of P, and proceed as above, requiring y to be bijective. We will 
call this a general coalgebra bundle P{M,C,'iIj). The copointed case corresponds to the 
choice e = 1 ® e. 

There is also a converse: if P is an algebra and a right C-comodule, we say that the 
coaction is Galois if M defined as above is such that y is bijective. In this case there is 
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an entwining strnctnre |0 

® x~^(l (S) c) = ® e = Ap(l) 

M 

and we have a coalgebra bnndle. Becanse of these natnral properties, we will work 
now with these slightly more general coalgebra bnndles (or C'-Galois extensions). Onr 
preliminary goal in the present section is to make the evident generalisations of the 
copointed theory in ^ to this case. 

Next, a coalgebra bnndle is trivial cf0 (or one says that the C'-Galois extension is 
cleft) if there is a convolntion invertible map $ : C —P (the trivialisation or cleaving 
map) snch that 

Ap o <f) = (<h (g) id) o A. (9) 

By considering the eqnality l(o)£(c) ® l(i) = l(o)'0(l(i) ® <h(c(i))<h“^(c( 2 ))) one hnds that 

^'(qi) ® <h“^(c( 2 ))) = <h“^(c)Ap(l) (10) 

which allows one to nse the argument of the proof of ^ Proposition 2.9] to show that 
P = M 0 C as a left M-module and right C-comodule. 

We turn now to the theory of connections, based on the theory for the copointed 
case in 1^. As shown in P, Proposition 2.2], given an entwining structure {P,C,'ip) 
there is an entwining structure (GP, C, "0*), where 

r \cm-^P= • ^^12 : C 0 P® " ^ P®” 0 C 

is the iterated entwining. Moreover, 

-0* o (id0d) = (d0id) o'0*. (11) 

Therefore, given e : P we have Q^P G Mqp('^) with the action right multiplication 
by P and the coaction 

An"p = (•p0id)(id0'?/^”+^)(e0id). 

Definition 3.2 A connection on P{M, C, 'ip) is a left P-module projection fl : VL^P 
VL^P such that (i) ker If = P{Q^M)P (ii) the map fl o d : P — DfP commutes with the 
right coaction. 
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Proposition 3.3 Connections 11 are in 1-1 correspondence with u : C ^ fl^P such 
that 

(i) e^^'>oj{e^‘^'>) = 0 

(a) X o i^(c) = 1 ® c — e{c)e 

(Hi) i/’^(c(i) (8)a;(c(2))) = Cc;(c(i)) O C(2). 

The correspondence is via n(MdT) = mt(o)Co’(t(i)) for all u,v E P. 

Proof. Assume first that there is u satisfying (i)-(iii). Then the map If is well-dehned 
since for all u E P, n(Mdl) = = 0, by (i). Next for any u,v E P, x E M we 

have 


n(M(dx)n) = n(Md(a;n)) — n(na;dn) = M(a;n)(o)Ci;((a;n)(i)) — na;n(o)Cc;(n(i)) = 0, 

since Ap is left M-linear. On the other hand, if G kerll, then using (ii) we 

have 

0 = X]x(MV(o)o;(n*(i))) = ^(nV(o) ® nV) -u"Pe) = 

i i i 

Since kery = P{Q}M)P, we have kerll C P{Q}M)P, i.e., kerll = P{Q}M)P. Finally 
notice that for all u E P, n(dn) = n(o)Cc;(n(i)). Therefore 

AQip(n(dn)) = n(o)i/’^(n(i) ® a;(n(2))) 

= M(o)Cc;(m(i)) (g)n(2) (by (hi)) 

= n(dM(o)) ® «(!). 

Conversely, assume there is a connection in P{M,C,ip). This is equivalent to the 
existence of a map a \ P ® VTP, where = kere, such that y o a = id and 

n = (Toy. Dehne u{c) = a{l^c — e{c)e). Clearly, (ii) holds. An immediate calculation 
verihes (i). The dehnition of u implies that n(Mdu) = uu(o)a;(u(i)), for all G P. 
Since If o d commutes with the coaction we have for all u G P 

M(0)^^(M(1) ®(^{U{2))) = U(0)Cc;(U(i)) ®U(2). 

Since y is bijective, for any c E C there is e P ®m P such that cb)c*^^^(o) ® 

= 1 0 c. Thus we have 

i/’^(c(i) (g)a;(c(2))) = 

= ® C^‘^\ 2 ) = cu(c(i)) O C( 2 ). 
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Therefore uj satisfies (iii) and the proof of the proposition is completed. □ 

Every connection fl, indnces a covariant derivative, Zi) = d — flodiP—> Q^P. In 
the copointed case D commntes with the right coaction, since d itself commntes with 
the right coaction. 

Proposition 3.4 If P{M,C,'ijj,e) is a copointed trivial coalgebra bundle with triviali- 
sation such that 4>(e) = 1, and a ■. C ^ obeys a(e) = 0, then 

u;{c) = 4>-^(c(i))a(c(2))<h(c(3)) + <h“^(c(i))d<h(c( 2 )) 


is a connection. 


Proof. We verify directly that u satishes conditions (i)-(iii) of Proposition |3.3| with 
e = 1 ® e. We have 


u!{e) = <h ^(e)a(e)<h(e) + <h ^(e)d<h(e) = dl = 0. 


Next, take any c ^ C and compnte 


Xoa;(c) = x($ ^(c(i))®4>(c( 2))-£(c)l® 1) 

= <h“^(c(i))<h(c( 2 )) 0 C( 3 ) - e{c)l ®e = l®c- e(c)e, 

where we nsed that the hrst snmmand in u is in P(p}M)P. Finally we have 


(g)w(C( 2 ))) 


l/>^(C(i) ® <h“^(C(2))a(C(3))$(C(4))) + '0^(C(1) ® <h"^(C(2))d<h(C(3))) 

$“^(c(i))i/’^(e(8)a(c(2))<h(c(3))) + <h“^(c(i))i/>^(e 0 d<h(c(2))) 
4>“^(c(i))a(c(2))Ap(<h(c(3))) + <h"^(c(i))d<h(c(2)) ®C(3) 
a;(c(i)) ® C(2), 


where we nsed that fl^P G Mqp('0 *) and (pTl) to derive the second eqnality, and that 
a{c) G Q^M, <h is an intertwiner and (^) to derive the third one. □ 

For another class of examples one has coalgebra homogeneous spaces associated to 
coalgebra surjections n : P ^ C. Thus, let P be a Hopf algebra and M a subalgebra of 
P such that A(M) O P®M (an embeddable P-homogeneous quantum space). Dehne 
the quotient coalgebra C = P/{M^P), where = here fl M is the augmentation 
ideal. There is a natural right coaction of C on P given as Ap = (id® 7 r) o A, where 
TT : P —>■ (7 is the canonical surjection. It is clear that M C g P|Apm = u (8 )e}, with 
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e = vr(l), and we assume that this is an equality (this is known to hold for example 
if ||31|| P is faithfully flat as a left M-module). Then P{M, C, 7r(l)) is a coalgebra bundle. 
Since e = 1 (8) 7r(l) we have e = vr(l), i.e. a copointed coalgebra bundle as in [Q. In this 
case we know that if i : C* —>■ P is a linear splitting of tt such that 

i(e) = 1, eoi = e, i{c( 2 )){ 2 ) ® C(i)<(S'i(c(2))(i))f(c(2))(3)) = ?(c(i)) ® C( 2 ) 

then 

a;(c) = S'i(c)(i)di(c)( 2 ) 

is a left-invariant connection and every left-invariant connection on the bundle is of this 
form (cf. IQ). The left-invariance here means that Aqip(jj{c) = 1 ^uj{c) for all c^C. 
We use here the right action of P on C given by c<u = 7i{vu) for any v G 7r“^(c). 

The theory of connections can be developed also for nonuniversal calculi fl^(P) = 
Q}P/M where M P Q}P is a sub-bimodule, although the situation is slightly more 
complicated. We say that fl^(P) is a differential ealculus on P{M, (T, fj) iff it is eovariant 
in the sense 

so that the coaction Ap^p descends to f2^(P). This is obtained from -0^ dehned by 

iplf O (id ® vr^y) = (ttat ® id) o 

where 7r_/y : Q}P —>■ fl^(P) is the canonical surjection. We have 

Aoi(P) = ®( ))• 

Let M. = {P®C^)/x{N') (and denote by tim the canonical surjection). This is a left 
P-module (since x is left P-module map) by u\>m = 7i_M{uVi ® q) for any '^Vi®Ci G 
7rf^(m). We can then dehne 

A = {A G |3c G (7, s.t. A = 7r_A4(l ® c — e(c)e)}. 

The action provides a surjection P ® A ^ A4. 

Definition 3.5 A connection with a nonuniversal calculus is a left P-module projec¬ 
tion n : fl^(P) ^ ^^(-P) such that kerfl = f2^(P)hor flod commutes with the right 
coaction. 
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Here f2^(P)hor = P(dM)P. As usual, we define XM ° ° X- If is a left 

P-module map and the sequence 

0 ^ fi^(P)hor ^ n\P)^M ^ 0 


is exact. 

Proposition 3.6 Suppose P ® K = M. by the surjection above. Then connections H 
on hl^(P) are in 1-1 correspondence with uj : A ^ such that 

XA^oa; = l®id 

(ii) V'Ar(c(i) <8a;(7rA(c(2)))) = a;(7rA(c(i))) 0C( 2 ) where 7rA(c) ='KmO-®c- e{c)e). 

The correspondence is via n(Mdu) = for all u,v G P and A* G 

P0A such that = XA/'(du). 

Proof. The proof is analogous to the proof of Proposition |3.3| . □ 

In the case of a homogeneous bundle where P is a Hopf algebra and e = 7r(l), a 
natural type of calculus Al^(P) is a left-covariant one defined by an ideal Q in here C P. 

Example 3.7 For a homogeneous bundle with left-covariant calculus, A = C'’''/7r(Q) 
and P®A = M. Moreover if for all q E Q, u E P, q( 2 )®'^{u{Sq(X))q{‘i)) E Q®C, 
then Al^(P) is a calculus on P(M, (P,-0,7r(l)). In particular, iffl^{P) is a bicovariant 
calculus on P then it is a calculus on P(M, C,-0,7r(l)). 

Proof. Recall that any element n G A/" is of the form n = ® ^'*( 2 ) for some 

M* E P, q^ E Q. For any u E P, q E Qwe have u ® 7r(g) = x(ri5'g(i) (8) g( 2 )) G x(-^)- Oa 
the other hand w*>S'g*(i)®q'*( 2 )) = 'Yli'P ^ P ® Q- This proves that y (A/") = 

P07r(Q). Therefore Ad = P 0 C~^ / x{Af) = P ^{C~^/7r{Q)), and A = C~^/7r{Q). 
Finally, take any c E C and let v E 7r“^(c). We have: 

^ V>^(c ® u"Sq\i) (g) g*(2)) = u\i)Sq\2) ® V>(7r(nM*(2)5'g*(i)) ® q\^)) 

i i 

= '^^\i)Sq\2)®q\3)®T^{vu\2){Sq\i))q\i)). 

i 

By the assumption on Q the last expression is in A/"® Q, so that the resulting calculus 
r2^(P) is a calculus on P(M, (7,-0,7r(l)). If Q defines a bicovariant calculus then Q is 
Ad-stable, so that the required condition is immediately satisfied. □ 
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4. Bijectivity of xj; and strong connections 
In this section we return to some technical considerations. For simplicity here and in 
most of what follows, we will concentrate on the universal differential calculus. First 
of all, we consider the question of when -0 is bijective. It plays the role in the Hopf 
algebra case of having a bijective antipode, and allows us to relate left and right handed 
versions of the theory. 

Lemma 4.1 Ifijj is bijective then P is a left C-comodule by 

pA{u) = ip~^{ue). 

Moreover, M = {u E P\ pAu = 

Proof. This lemma is part of P, Lemma 6.5]. □ 

In the copointed case, it is easy to see that if V’ is bijective then is a left 

C-comodule by p®(n+i)A = )®e). This coaction restricts to P®M®'^ and 

fTP. 


Proposition 4.2 In the copointed case, letuj be a connection on fl^P withtjj bijective. 
Then II : fl^P fl^P defined by 

n((dM)n) = a;(M(i))M(oo)T 

is a right-connection in the sense 

(i) D = (id — n) o d is a left C-comodule map. 

(%%) n is a right P-module projection and kerll = P{VTM)P. 


Proof, (i) We introduce the notation 'ip~^{u®c) = Ca®u^, for all c G (F, m G P. One 
easily hnds that 

Ca(l) (8) Ca(2} ® = C(i)^ (g) C(2)^ 0 (12) 

and pA{u) = Ca ®u°. We have 


oo)) 


a;(M(i))V>(M(2) oo)) 

‘^(ea(l))V'(ea(2) 

a;(ea)V>(e/3(8)M"^) 

uj{ea)u°' ®e = uj{u(i))u(oo) ® e. 
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where we used that e is group-like and ( 0 ) to derive the third equality. This implies 
that 

V’“^(a;(M(i))u(oo)®e) = M(i) ® a;(M(2))M(oo), 

which is precisely the left C'-covariance of n o d and, consequently, implies the left- 
covariance of D. 

(ii) It is clear that H is a right P-module map. The following diagram commutes: 


0 

-> P{Q^M)P 


y P®C+ 

i’ 


4 - 

4 - 

4 ^ 

0 

—> p{n^M)p 


y C+®P 


where xl = ° X (explicitly, Xl{u®v) = M(i) ®M(oo)'?^)- Since P is a coalgebra 

principal bundle the top sequence is exact. Furthermore is bijective and pA is right 
M-linear thus the bottom sequence is also exact. It is split by the map a : ® P — 

n^P, a{c®u) = uj{c)u. Indeed, 


Xl o (l{c ®u)= xl{^{c))u = ip ^(1 ® c)u = c®u, 


where we used that xl is a right P-module map and that a; is a connection one-form 
(Proposition |^(ii)). Now notice that n = a o and the fact that a is a splitting 
(i.e. xi^oa = id) of the above sequence implies both that fl is a projection and has the 
kernel as stated. □ 


Finally, a connection is strong if (id — If) o d has its image in {Q^M)P [|^, Dehni- 
tion 2.1]. These are the connections most closely associated to the base and used in the 
theory of associated bundles etc. Recently, a simple condition for strongness was given 
in the Hopf algebra case, in This can be generalised to the coalgebra case. 


Proposition 4.3 A connection on a copointed coalgebra bundle P{M, C, ip, e) is strong 
iff 


(id{8) Ap)a;(c) = 1 ® 1 0 c — e{c)l 0 1 (g) e -F a;(c(i)) ®C( 2 )- (13) 

Furthermore, if ip is bijective then a connection is strong iff 


(pA (8)id)a;(c) = c(g)l®l — e®!® le{c) + C(i) ® a;(c( 2 )). 
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Proof. Assume that u is strong. This is equivalent to the statement that 

{id<S) fS.p) o D{u) = Aqip o D{u), 'iuEP. (14) 

Using the explicit dehnition of d and D, Proposition P75|(iii), as well as the fact that 
fPP G one hnds that (|^ implies that 

(id® Ap)(M(o)a;(n(i))) = M(o)®1®M(i) - m ® 1 ® e + M(o)a;(M(i)) ® M( 2 ). 

Next for all c, let ® G P®mP be the translation map, i.e. c^'’ ® = x~^(l®c). 

It means that cb)c^^^(o) ® = 1 ® c. Using the above equality and the fact that 

^( 1 )^( 2 ) _ -fffQ have 

(id® Ap) oa;(c) = (id® Ap)(cb)c^^)(o)^^(c^^\i))) = cb)(id® Ap)(c^^^(o)a;(c^^\i))) 

= ® 1 ® ® 1 ® e 

+cb)c(^)(o)a;(c^^\i)) ® c^^\2) 

= 1 ® 1 ® c — £(c)l ® 1 ® e + a;(c(i)) ® C( 2 ), 

i.e. (^) holds. Conversely, an easy calculation reveals that (^^ implies (pA)), i.e., the 
connection is strong as required. 

The second assertion is obtained by applying -0“^ to ([T3|). □ 

As in [^, the signihcance of this is that this is manifestly a ‘strongness’ condition 
for the left-handed theory with fl. In studying the coalgebra frame resolutions we will 
need both the left and the right handed theories simultaneously, and we see that if one 
holds so does the other for a given uj. 

A situation where ip is bijective is a homogeneous bundle 7i : P ^ C with P having 
bijective antipode. 

Proposition 4.4 For a homogeneous coalgebra bundle with bijective antipode, strong 
left-invariant connections are in 1-1 correspondence with splittings i : C ^ P of tt which 
are covariant with respect to (id®7r) o A and (7r®id) o A, and such that i{n{l)) = 1 
and e oi = e. In this case 

uj{c) = Si{c){i)di{c){ 2 ). 

Proof Given such a splitting i : C ^ P of n, consider a;(c) = S'i(c)(i)di(c)( 2 ) as stated. 
The normalisation conditions imply that a;(7r(l)) = 0 and xouj{c) = l®c —£(c)l®7r(l). 
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Also 


^/> 2 (C( 1 ) ®o;(c( 2 ))) = 5i(c(2))(2)di(c(2))(3)®vr(i(c(i))5i(c(2))(i)i(c(2))(4)) 

= 5'i(c)(3)di(c)(4) ® 7r(i(c)(i)S'i(c)(2)i(c)(5)) {i is left-covariant) 

= S'i(c)(i)di(c)(2) ®7r(i(c)(3)) 

= S'i(c(i))(i)di(c(i))( 2 ) ® 7r(z(c(2))) (i is right-covariant) 

= a;(c(i)) ® C( 2 ) (vr is split by i) 

Proposition p.3| implies that a; is a connection one-form. Finally, compnte 

(id ® Ap)(a;(c)) = S'i(c)(i) ® i(c)( 2 ) ® vr(i(c)( 3 )) - £(c)l ® 1 ® 7r(l) 

= S'i(c(i))(i) ®z(c(i))(2) ®C(2) -e:(c)l®l® 7 r(l) 

= a;(c(i)) ® C( 2 ) + 1 ® 1 ®c — e{c)l ® 1 ® 7r(l), 

where the nse of the fact that i is a right covariant splitting was made in the derivation 
of the second eqnality. Proposition ^4.3| now implies that the connection corresponding 
to uj is strong. 

Conversely, assnme that there is a strong connection with the left-invariant connec¬ 
tion form UJ. Then the left-invariance of uj implies that there exists a splitting i ■. C ^ P 
of 71 snch that e o i = e and a;(c) = S'i(c)(i)di(c)( 2 ) (cf. [^, Proposition 3.5]). The fact 
that a;(7r(l)) = 0 implies that i(7r(l)) = 1. Applying (id® Ap) to this uj and using 
Proposition [4.3| one deduces that i is right-covariant. Bijectivity of S implies that is 
bijective (cf. p). The left coaction induced by -0”^ is p^{u) = 7t{S~^U(^2)) By 

Proposition 


(pA ® P)oj{c) = 7r(i(c)(i)) ® Si{c){ 2 ) ® i(c)( 3 ) - e{c)7i{l) ® 1 ® 1 
must be equal to 


C( 1 ) ® S'i(c(2))(i) ® i(c(2))(2) - £(c) 7 r(l) ® 1 ® 1. 


Applying id0 5* to this equality one deduces that i must be left-covariant. This 
completes the proof. □ 


This is the analogue for coalgebra bundles of the bicovariant formulation of strong 
canonical connections in the Hopf algebra case in [O . 
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5. Frame resolutions, covariant derivatives and torsion 
In this section we define frame resolutions in the coalgebra setting, following the theory 


introduced recently in in the Hopf algebra case. The theory depends heavily on 
the notion of associated bundles, so we recall these briefly. In the coalgebra case there 
are two kinds of associated bundles (which are equivalent in the Hopf algebra case), as 
studied recently in H]. 


Definition 5.1 Let P{M,C) be a coalgebra bundle. 

(i) The left associated bundle (or module) to a left C-comodule V is E = PO(jV. 
(a) The right associated bundle (or module) to a right C-comodule V is E = 
(F0P)o, the fixed subobject, where V®P is an object of by multiplication 

from the right and Av^p{v ®u) = n(o) ®u). 


The cotensor product WOfyV here, between a left comodule V and right comodule 
W is defined by the exact sequence |2^] 


0 —^ WDcV lF(g)F 


Ayi/®id—id® y A 


w®c®v. 


This is just the arrow reversal of the usual tensor product. Less conventional is the 
fixed subobject 

(V ® P)o = Vi®Ui e V ® Pj Vi(0) ® ® Ui) =Vi® ® 

i 

This is the natural analogue for coalgebra bundles of the associated bundles in the 
quantum group gauge theory of 0. 

Lemma 5.2 For a copointed coalgebra bundle P{M,C,i),e), let {P ® M®”)o = {w e 
P ® ^jJ^~^^{e®w) = w®e} be the invariant subset of P ® M®'^. If tf is bijective 

then (P ® . 

Proof. Clearly C (P ® If w G (P ® then ®w) =w®e. 

Applying one deduces that {w ® e) = e®w. Let w = ® m\ ® 

■ ■ ■ ® mjj. Since for all m G M, ® e) = e ® m one immediately finds that 

e 0 Yhi ®m\® ■ ■ ■ ® m\ = ^ • -0“^ (ul ® e) ® m\® ■ ■ ■ ® m\. This in turn implies that 
for all i, M* G M. □ 

Now we can extend the notion of a strongly horizontal form from 0] 
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Definition 5.3 Let E be a left bundle associated to a copointed coalgebra bundle 
P{M,C,'il!,e) and a left C-comodule V. A right strongly tensorial n-form on E is 
a linear map 99 : D —> P{VEM) such that 

o (id® (^) o 1 /A = 99 (g)e, (15) 

By the extension of the notation above, the space of right strongly tensorial n-forms 
will be denoted by Honio(V, P(r2”M)) (in right strongly 0-forms Homo(V,P) are 
denoted by Hom^(l/,P)). Homo(V, P(r2"^M)) has a right M-module structure defined 
by (99 • m){v) = ip{v)m. 

Proposition 5.4 Let P{M,C,'il!,e) be a copointed coalgebra bundle with bijective 
and P flat as a right M-module (or V-coflat as a left C-comodule). Then right strongly 
tensorial forms Homo(V, P(r2’^M)) and jvfHom(P, are isomorphic as right M- 

modules. 

Proof. The proof of this proposition is analogous to the proof of P, Theorem 4.3]. 
We include it here for completeness. The flatness (coflatness) assumption implies that 
(P P)nc'^ — P {P^cy)i canonically (cf. p. 172]). Thus there is a 
left P-module isomorphism p : P E —^ P ® P, obtained as a composition of 
X ® id with the canonical isomorphism P ® CDcP —*• P ® P, i.e., p = ■ ® id, p~^ = 
(x“^®id)o(id®\/‘^)- Following [|^, apply Homp(—, P(r2"'M)) to p to deduce the right 
M-module isomorphism Hom(P, P(r2"'M)) 71;. HomM(P, P(f^’^M)), given by p 1 —>■ S(^, 

For any p e Hom(P, P(r2”M)), a; = X]*ri* ® n* G P we 

have 

f^np{sip{x)) = Anp(MV(P)) = y^P( 0 )V^^+^(P(i) ®p(P)) 

i i 

i 

since m*(o) ® 11 ^ 1 ) ® ® n*(i) ® n*(oo) by the definition of P = PD^P. By 

Lemma fl"’M = (P(r2"'M))o, therefore S(p{x) G D"M iff 

®p(P(oo))) = y^Pp(P) ®e. (16) 

i i 

Clearly, (|T^ implies ([I^). Applying (^) to p“^(l®n) one easily finds that (|I 6 |) implies 
(pA|). Therefore the right M-module isomorphism p 1 —^ S(^ restricts to the isomorphism 
Homo(P, P(r2”M)) 7^ HomM(P,f^"M) as required. □ 
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Proposition |5.4| is the coalgebra bundle version of |^, Lemma 3.1], and allows us to 
define similarly, 


Definition 5.5 c/j^, Definition 3.2] A coalgebra frame resolution of an algebra M 
is a left bundle E associated to a copointed coalgebra bundle P{M, C, ip , e) with bijective 
fj, and V, together with a right strongly tensorial one-form 6 : V ^ P{DfM) such 
that S 0 \ E ^ OfM corresponding under Proposition f.f is an isomorphism of left 
M-modules. 


As in [^, we can now proceed to deduce the left M-module isomorphism 
id 0 : {Q}M)PUcV = OfM ®m = D^M. 


(17) 


Here, the cotensor product is dehned with respect to the right coaction : 

{Q}M)P —>• {D}M)P ®C given by M)pid^) = (it is an easy exercise 

which uses (^ to verify that {p}M)P is closed under this coaction). 

Furthermore, given a frame resolution, we can now dehne a covariant derivative 
V : —>■ corresponding to a strong connection H in P{M,C,'ijj,e) by |]^ 

Proposition 3.3] 


V = (id ® sg) o (DDc-id) o ^ —> DfM. 


(18) 


The map V is well-dehned since D is an intertwiner so that the expression DDcid 
makes sense. Furthermore, by the strongness assumption D[P) C {Q}M)P so the 
isomorphism O implies that the output of V is in Vt^M. Finally, it can be easily 
verihed (cf. [^, Proposition 3.3]) that V{m-w) = m - Vw + dm ®m w, for any m & M 
and w G so that V is a connection on DfM as a left M-module. 

Next, cf 1^, Proposition 3.5], we dehne the torsion of a connection V by 

T = d - V : DfM DfM. 


By Proposition this T can be also viewed as a map T : H P{D?M) provided P 
is M-hat. 


Proposition 5.6 If oj is a strong connection on P{M,C,'ip,e) and if is bijective then 
there is a covariant derivative 

D : RomoiV, PD^M) Homo(H, PD”+^M) 


29 










given by 


Dip{v) = dip{v)+uJ{v(^l))lp{v|^oo))■ 

In particular, T = DO. 


Proof. We first show that the map D is well-dehned. We will use the following notation 
for the connection one-form a;(c) = ® (summation understood), for all 

c G C. Take any ip G Homo(V^, PDPM), v E V and compute 


(id® Anp)T)93(n) 


1 ® 95('y)(o) ® ¥^(^)(i) + d93(n) ® e — 1 ® ip{v) ® e 

-fa;(n(i))^^^ ® A^p (a;(n(i))(2)(^(p(^))) 

1 ® </3(n)(o) ® </5(n)(i) + dip{v) ® e — 1 ® p>{v) ® e 

1 ® 95('y)(o) ® p{v)(i) + d93(n) ® e — 1 ® ip{v) ® e 
-M ® ® (p(v(oo))) - 1 ® ® p(v)) 

+a;(n(i))'0’"+^(n(2) ® ^^(^(oo))) 

1 ® </?('y)(o) <8) p(v)(i) + d(p(v) ® e — 1 ® (p(v) ® e 
+ 1 ® ip{v) ® e - 1 ® 93(n)(o) ® V7('i^)(i) + ct)(n(i))9?(n(oo)) ® e 
Dip{v) ® e, 


where we used that flP G M()’p('0*) to derive the second equality, then Proposition |47^ 
to derive the third one and the fact that ip G Homo(V, to obtain the fourth 

equality. This shows that Dip{v) G P{fl'^~^^M). 

Next we need to show that Dip satishes (|T^). We have 


^/>”+^(n(i) ®Z)(p(n(oo))) = ®d(p(n(oo))) +{v ® a;(n(2))</?(n(oo))) 

= (d®id)(^/’'"+^(n(i) ®93(n(oo))) 

+a;(n(i))V’’'+^(n(2) ® (^(n(oo)))) 

= d(p(n) ® e a;(n(i))d</9(n(oo)) ® e = Dip{v) ® e. 


where we used the covariance of d with respect to 'ip*, the fact that QP G M^p('0*), 
and the covariance property of the connection one-form to derive the second equality. 
It is an easy exercise to verify that T = DO. □ 


Here D extends D in Section 4 to higher forms. Next, again following 


we 


introduce left strongly tensorial forms and a quantum metric. Thus, let H be a right 
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C'-comodule. A left strongly tensorial n-form is a map ip ■. V ^ {Q^M)P commuting 
with the right coaction of C, where C coacts on {yPM)P by 

Proposition 5.7 Left strongly tensorialformsYiom^iy, {VPM)P) and'ilom.M{E,LPM) 
are isomorphic as left M-modules if P is faithfully flat as a left M-module (cf. 
a comprehensive review of the concept of faithful flatness). 

Proof. This can be shown as Theorem 5.4], Given cp G Hom‘"(V, {VPM)P) the cor¬ 
responding sp) G HomM(.E, QLM) is given by S(p(X]i E ® ufl = ^{vflu\ E G 
E. Conversely given s G }lomM{E,Q'^M), the corresponding tensorial form is given 
hjipflv) = s{v 0 1). □ 

On the other hand, for V a right G-comodule we have the covariant derivative E 
extending the E in Section 3 to higher forms. 

Proposition 5.8 If u is a strong connection on P{M,C,e) and if is bijective then 
there is a covariant derivative 

E : Hom^(P, {ELM)P) Hom^(P, {QP+^M)P) 


given by 

Eip{v) = d<p(T) -1- (-l)”+V(^^(o))a;(T(i)). 


Proof. This proposition is a coalgebra bundle version of a similar statement in for 
quantum group principal bundles. The proof is similar to the proof of Proposition 
Take any right G-covariant ip : V —>■ {E'^M)P and n G P and compute 


(npA 0id)T)(p(T) 


(_l)„+i^(^)(i) ^ (gi 1 + e (g) d(p(n) (-l)”e 0 ip{v) 0 1 

+ (-l)’"'^^opA( 93 (T(o))a;(T(i))(^)) 0a;(T(i))(^) 

(_l)n.+i^(y)(i) (gi ip{v)(^^) 0 1 e 0 dip{v) + (-l)”e 0 ip{v) 0 1 
+ (-l)”^V“”■^(v?(^'(o)) V(^(i))^^\oo) 0 w(t(i))(^) 

(_l)n+i^(^)(i) g ip{v)^^) 0 1 e 0 d(p(T) (-l)”e 0 ip{v) 0 1 
+ gp(i)) 0 1 - 0 e) 0 1) 

+ (-1)'^+V""^(V?(^'(0)) ® T(l) V(t(2)) 

(_1)„+1^(^)(1) ^ 0 1 + e 0 d(p(T) (-l)”e 0 ip{v) 0 1 


31 



-(- 1 )"+V(^^)( 1 ) ® ® 1 - (-l)”e ® Lp{v) ® 1 

+ (-l)'^+^e®<^(i;(o))o^(v(i)) 

= e®D(p{y). 


The third equality follows from Proposition |4.3| . Thus we deduce that D</9(u) G { QP '^^ M ) P . 
The proof of the covariance of Dip is analogous to the corresponding part of the proof 


of Proposition |5]^. □ 


Finally, when 1/ is a hnite-dimensional left C-comodule we can identify E with 
Hom(l/, P)o and Hom‘"(l/*, {yEM)P) with {VPM)PU(jV and hence obtain 


(ff”M)Fnc'F=HomM(Homo(V, P), D^M). 


We can then dehne, cf |23], a metric on M as an element 


7 G {n^M)PacV 

such that the corresponding map Homo(V, P) ^ fl^M is an isomorphism. In the inhnite 
dimensional case we do not have a bijection between these spaces, but we still obtain 
a map Homo(P, P) —> Q^M from 7 and can require it to be suitably nondegenerate. If 
P{M, C, 'ip, e) and Id is a frame resolution of M then we can identify (r2^M)Pnc'ld with 
so that 7 is a 2-form on M. 

Following 1^, we can also define the cotorsion F G of the metric as 


F = (id® se)(Pncid)( 7 ). 


Here, since 7 is left strongly tensorial (and if D corresponds to a strong connection) 
then P 7 is also left-strongly tensorial when viewed as a map on V*. Hence (Pncid )7 G 
{Q‘^M)POqV as required here. In this context one has the following version of D that 
does not go through V*. 


Proposition 5.9 If uj is a strong connection on P(^M,C,'ip,e) and ip is bijective then 
there is a covariant derivative 


given by 


D : {VPM)PUcV {VP+^M)PUcV 


D{w ®v) = dm ® n (—l)”''^^taa;(n(i)) ® n(oo)- 
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Proof. Dual to the proof of Proposition ^.81. □ 


Also provided in is a general construction for frame resolutions on quantum 
group homogeneous bundles tt : P —>■ H. We extend this now in the coalgebra setting 
TT : P —>■ (7, to embeddable homogeneous spaces. This more general setting is dehnitely 
needed since it includes, for example, the full family of quantum 2-spheres consid¬ 
ered in the next section. The following proposition generalises p3| . Proposition 4.3] to 
include this case. 


Proposition 5.10 A quantum embeddable homogeneous space M of P corresponding 
to n P ^ C has a coalgebra frame resolution with V = M+, yA = (vr^id) o A and 
9 : V ^ P(yPM), 9 ■. V ^ >S'n(i) ®V{2)- 

Proof The canonical entwining structure is- 0 ( 0 ® h) = h(i) ® 7 r( 5 fh( 2 )), where (7 G vr“^(c) 
(cf. [|, Example 2.5]). Since 9{v) G P®M, as M is a left P-comodule algebra, we hnd 

V’^(T(n(i)) 0 0(^(2))) = 5'n(3) ®i/>(7r(n(i)S'n(2)) ®n(4)) = 5'n(i) 0 V>(7r(l) 0^(2)) 

= S'n(i) ®n(2) ® 7r(l) = ^(n) (g)7r(l). 

Since x( 6 '(n)) = ( 5 'n(i))n( 2 ) ® vr(n( 3 )) = l® 7 r(n) = 0 it follows that 9{v) G P(D^M). 
From the above calculation we conclude that ip G Homo(V, P(f2^M)). Now, consider 
the map r : —> P®M, r{^-m^ ®m^) = ® m*( 2 ). Applying id( 8 )e: to 

r one immediately hnds that Imr O P ®V. Similarly, applying the coaction equalising 
map for the cotensor product to r one hnds that Imr C P\I\(jV . Finally using the same 
argument as in Proposition 4.3] one proves that r is the inverse of sg : PDcF —> 
Q^M, Sg : H-^ ®v\ 2 ) as required. □ 


6. Monopole on all quantum 2-spheres 


Let SUqifl) be the standard matrix quantum group over the held k = C, with generators 
(^7 relations aj3 = qfda, aj = gja, a6 = 6a + {q — q~^)j3'y, (d'y = 7 /I, 

■y6 = ghj, aS — qfd'y = 1. Let 

^ = s(a 2 _ + (s^ - l)q-^ap, rj = s^qj^ - 6^) + (s^ - 1 ) 75 , 

( = s{qa-f - (36) -b (s^ - l)g/l 7 , 

where s G [0, 1]. We dehne C = SUq{2)/J where J = {^ — s, r] + s, (}SUq{2) is a coideal. 
We denote by vr the canonical projection SUq{2) —> C. As shown in 0, the hxed point 
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subalgebra under the coaction of C on SUq{2) is generated by and can be 

identified with the 2-parameter quantum sphere in |^. The standard quantum 
sphere discussed in [0 corresponds to s = 0. It has been recently proved that the 
coalgebra C is spanned by group-like elements. We begin by hnding such a basis of C 
explicitly. 


Proposition 6.1 Let 

n—1 n—1 

9n + = 7r(JJ(5-g“^s7)), n = l,2,... 

fc=0 k=Q 

(all products increase from left to right). Then gf) are group-like elements of C, and 

{e = 7i{l),g^ I n G N} is a basis of C. 

To prove Proposition 0 we will need the following 

Lemma 6.2 Let < denote the right action of SUq{2) on C, induced by n. Then: 

S9n+i = 9n<{s5 + = gt<{s5 + ( 19 ) 

and 

S9n+i = 9n^{sa - q'^'j) = g~<{sa - q'^p). ( 20 ) 


Proof. Using the commutation rules in SUq{2) one easily verihes that for all s G C, 
and n G N 

{a + q^-hp){sS + q-^'j) = {s 6 + g""+^ 7 )(a + g"s/3). ( 21 ) 

Note that the form of J = kervr implies that for all x G SUq{2) 


7i{{s 6■j)x) = S7i{{asP)x), sn{{6 — S'j)x) = 7i{{sa — P)x). (22) 

This, together with the identity (^) immediately implies that (|T^ holds for n = 1. 
Now, assume that (|T^ is true for an n > 1. Then, using the dehnition of gf as well as 
(^) we have: 


c/+<(sh + q ” 7 ) 


gn-i<i(^ + g”"^s/?)(s5 + g"”7) 
9n-l<isS + + 9 " s / 5 ) 

S^n<(« + = S^n+ 1 - 
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Therefore the first of equalities (pTl) holds for any n G N. Since 


7r(/5a;) = 7r(7a;), Vx G SUq{2), 
also the second of equalities (|^ holds. 

Equalities (^) are proven in an analogous way, by using the following identity 
{sa - = {6 - sq-^+^j){sa - q^(i). 


(23) 


□ 


Proof of Proposition O. An easy calculation which uses verihes that gj is group- 
like. Assume that is group-like for an n > 1. Using the dehnition of gn_^_i and this 
inductive assumption we have 


^9n+i = + 9n<P^9n<'l + (l'^sg+<a(^g+<P + q'^sg+<(3(^g+<6 

= 9n<(^ ® <(« + + q^g^<l3 ® gt<{s5 + 

= + (Lemma 1^) 

= 9 n + l ® 9 n + l - 

Thus we conclude that g^ is group-like for any n. Similarly one proves that all the 
g~ are group-like. The proof that 7r(l), g^ span C is analogous to the proof of |^, 
Proposition 6.1]. □ 

Proposition |6.1| gives an explicit description of the coalgebra bundle. We now con¬ 
struct a bicovariant splitting of tt and hence a strong connection on it. 

Proposition 6.3 The map i ■. C ^ SUq{2) given by 


71—1 


•/ +N TT ag''s(/3-F 7 )-F Vr ^ ^s{[5 + '^)+q 

<9n) = 11 - . , ofc o -’ <9n ) = 11 - 


k=0 


1 -I- 


fc =0 


1 -|- g“2^s^ 


is bicovariant and splits vr. 


Proof. An easy direct calculation which uses (p2D, (p3[), verihes that AsUg{ 2 ){i{gi)) = 
i{gt) ^ gt and sUq{ 2 )A{i{gf)) = gf ^i{gt). Now assume that there is n > 1 such that 
i{gn) is bicovariant. Then we have 


^su^{2){i{9n)) - 


1 -|- g^^s^ 


Asc/,(2)(*(^n+i)(« + + 7 ) + 
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= 1 I ^ 2 n + (^^( 5 ) + g^/3 ®g^<\{s5 + q ” 7 ) 

+^"■57 ® gn<{ci + q'^s(3) + ® 5'n <'(s5 + g“"7)) 

= T—+ + (Lemma 13) 

-L “r Q S 

= i{.gt+i) ® qUi- 

For the left coaction we have 

sr/,(2)A(f(^++i)) = ^ g^^(2)A(i(^+)(Qi + sq^{f3 + 7) + 

-L “r Q S 

= 1 I \n ®^(£/n)a + ?"£/n<(s<^ + ® *(£/n )7 

+q^sg^<{a + g''s7) ®i(g+)^ + g^"sg+<(s5 + q~'"(3) ® i{g^)5) 

= 1 I \n 2 3Ui®'^i9n){(^ + (ts{(3 + -f) + q^^s‘^6) (Lemma ^ 

L “r Q S 

= gt+i®i{9Ui)- 

Thus we conclude that i{gn) is bicovariant for all n G N. Similarly one shows that iig^) 
is bicovariant. 

The fact that i splits vr can be proven inductively too, and in the proof one uses 
Lemma ^3 and (^^ , (^31) . □ 

Consequently, we have a strong connection on dehned via the elements uj^ = 
Si{gt){i)®'ii9n){2)- 

Lemma 6.4 The elements may be computed iteratively from 

(1 + g2'^s2)o;++i = {S- g"+^S7)o;+(a + q^s(3) + {aq^s - q-^(3)u}f{q^s5 + 7) 

(1 + g“^"s^)o;"+i = (g7 + g""s<5)o;"(-^ + q-'^sa) + (a + g“'^“^s^)o;“((5 - q~'^s^) 
and o;^ = 1 ® 1 . 

Proof. From i{gf_^_i) = i{gf){a + sq^{P + 7) + g^”s^(5)/(l + as in the proof of 

Proposition 5.3 and the coproduct and antipode S of SUq{2) one has 

(1 + q^"^ s^)ujfj^i= Saujfa + Sfdujf'y + q'^s^Sfdujfd + Saojfjd + S^ujfa + SSojf^) 
+g2V(55o;+5 + 57o;+/?) 

= 3ujfa - q~^Pujf'y - q^-^sf3ujf5 + q'^sduffd - q^^h-fujfa + q'^saujf'y 
+q^^s^au;f6 - ft 
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which we then factorise as shown. 

The computation for is similar. Actually, when s 7^ 0 we may collect the two 
cases together as 

(1 + ^ ^ ^ + {aq^s^^ T ± 7). 

□ 

For example, 

^{9t) = . ^ ~ qs'y)d{a + s(3) + (as - g“^/3)d(7 + S(5)) = - 1 ® 1. 

A closed expression for uj on all is possible for nonuniversal differential calculi where 
commutation relations exist between differential forms and elements of S'^^, along the 
lines of 0 for the standard g-monopole. 

Finally, as an example of an associated bundle, let Id = C with the right C-comodule 
structure Ay (1) = 1 ® gt- Here and in what follows we identify linear maps from C with 
their values at 1 G C. Then the space of strongly tensorial zero-forms in Proposition 4.8 
can be computed as 

Hom‘^(V, P) = {u e P\ Aru = u<S)gt} = {x{a + sj3) -f 2/(7 + s5)\ x,y e S'g J. 

The covariant derivative D : Hom‘"(V,P) —> Hom‘"(l/, (f2^M)P) can be computed as 

Du = du — uoj^g^) = l®u — uoji 

= (^^ + 55) (24) 

from the form of o;^. Here a matrix product (or vector-covector contraction) notation 
is used. 

These Hom-spaces correspond to sections of a bundle E. From another point of 
view, we may consider Vl = C with the left coaction yA(l) = g^ and identify the 
associated bundle E = POcVl = Horn*" (V, P) as the same space as above. Similarly, 
we identify ®mE = Hom*"(V, (H^M)P). From this point of view we can consider 
the above covariant derivative as a map V : P —>■ E. 

Finally, from the form of E given above it is clear that P is a rank 2 projective 
module over ^ along the same lines as the recent result over the standard g-sphere in 
jlTl . We use the relation 

(5 - gsy)(a -f sj3) -f (sa - q~^(d )(7 + s5) = 1 -F s^, (25) 
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holding in SUq{2) to verify that 


P = 


1 + 


1-C 


-r] + q X J 1 + \ 7 + S(5 


a + s(3 


(5 — gs 7 , sa — q {3) 


obeys = p as an valued 2 x 2 -niatrix, and that (S'^^)^p = Ehy the identihcation 


of (x, |/)p with u = x{a + s(5) + 1/(7 + s5). In terms of this, (^41) becomes 


V((x,|/)p) = l(g)(x,|/)p- (x, 2 /)p®p = (d(x, 2 /))p + (x,?/)(dp)p = (d(x, 2 /)p)p 


so that V is the Grassmannian connection associated to the projective module. Further 
details of the projector computation will be presented elsewhere. A similar result holds 


for general n along the lines for the standard g-monopole in [17 . 
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